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XX. The Potential of am Anchor Ring.—Part I1.

By F. W. Dyson, M.A., Fellow of Trinaty College, Cambridge, Isaac Newton Student
wn the University of Coambridge.

Communicated by Professor J, J. Tromson, F.R.S.
Received March 16,—Read April 20, 1893,

INTRODUCTION.

Tais paper is a continuation of that at pp. 43-95 suprd, on “The Potential of
an Anchor Ring.” In that paper the potential of an anchor ring was found at
all external points ; in this, its value is determined at internal points. The annular
form of rotating gravitating fluid was also discussed in that paper ; here the
stability of such a ring is considered. In addition, the potential of a ring whose
cross-section is elliptic, being of interest in connection with Saturn, is obtained. The
similarity of the methods employed, as well as of the analysis, has led me to give in
this paper also a’determination of the steady motion of a single vortex-ring in an
infinite fluid, and of several fine vortex rings on the same axis.

In Section I. solutions of LAPLACE’S equation applicable to space inside an anchor
ring are obtained. These results are applied to obtain the potential of a solid ring at
internal points, and also of a distribution of matter on the surface of the ring. The
work done in collecting the ring from infinity is obtained.

In Section I1. the stability of an annulus of rotating gravitating fluid is considered
for three kinds of disturbances.

(1) Fluted: i.e., those in which the ring remains symmetrical about, its axis,* but
the cross-section is deformed.

(2) Twisted : i.e., those in which the cross-section remains circular, but the
circular axis of the ring is deformed.

(8) Beaded : i.e., those in which the circular axis of the ring is undisturbed, but
the cross-section is a circle of variable radius.

The ring is found to be stable for fluted and twisted waves, but is broken up by
long beaded waves.

* Axis of the ring throughout the paper means the axis of revolution; the central circle of the ring
is called the circular axis.

MDCCCXCIII.—A. 6 R : 30.12.93
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1042 MR. . W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Section II1. is devoted to Saturn’s rings. In LaPLACE'S proof (* Mée. Cél.,’ Book 3,
c. 6) that the rings are not continuous fluid, he assumes the attraction of a ring of
elliptic cross-section on a point at the surface to be the same as that of an elliptic
cylinder. Mme. KowALEWSKI, in her memoir on the ring of Saturn (* Astronomische
Nachrichten,” No. 2643, vol. 111, 1885) uses a method which applies only to rings of
nearly circular section. Here I have attempted to find the potential of a ring of
elliptic cross-section. Applied to Saturn, the results obtained agree fairly with
LAPLACE'S, |

In Section IV. the steady motion of a single vortex-ring of finite cross-section is
discussed. If m be its strength, ¢ its mean radius, and its cross-section be given by

R =a {14 Bycos2x + B;cos 3x + Bycosdy + ...},

it is shown that B, B;, B, . . . are of the 2nd, 8rd, &c., orders in a/c, and their values
are found as far as (a/c)*.
The velocity of the ring

_m ‘(1 ~__L__A__ @ EL\Q" l
“‘)rolg 32 0)”')

19L — 17 <{L\

:)

The results agree with those given by Mr. Hicks, obtained by means of Toroidal
Functions, (“ Phil. Trans.,” 1884-1885.) |

In Section V. the motion of a number of fine vortex rings on the same axis is
discussed. Equations are obtained giving the forward velocity and the rate of
increase of the radius of each ring. Let m, be the strength, ¢, the mean radius,
a, the radius of the cross-section, and z, the distance of the centre along the axis of 2
for one of the rings.

It is shown that the kinetic energy of the system is given by

myey 8¢, g ™ ¢, €08 ¢ de }
T= 82{ <10g @y 4> T+ iy -{0\/{(43 — &) + ' — 200, €08 b + %}

By=—

The equations of motion are

191
101 I'L>

The momentum integral takes the simple form

= (mye,*) = const.
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The special cases of one ring pursuing another of equal strength, of the direct
approach of a ring towards a fixed plane, and of the motion of a ring over a spherical
obstacle are considered in detail.

Section 1.

§§ 1-4.
§§ 5-7.

§§ 8-9.

Section I1.
§§ 10-13.

§§ 14-15.
§§ 16-19.
§ 20.

§§ 21-22.
§ 23.

Sectron 111,

§§ 24-26.
§ 27.
§ 28.

Section IV,

§ 29.
§§ 80-34.
§§ 85-36.
§ 7.

Section V.
§ 38.

§ 39.

§§ 40-42.

§§ 43-47

Solution of LAPLACE'S equation inside an anchor ring.

Potential of a solid anchor ring at internal points,

Exhaustion of potential energy.

Potential of a distribution of matter on the surface of a ring, at all
internal points, and at external points near the ring.

Potential and exhaustion of potential energy of a ring whose cross-
section is R = a (1 + = B, cos ny).

Small fluted oscillations of a gravitating fluid ring.

Exhaustion of potential energy of a ring which has beaded waves on it.

Such waves render the ring unstable. '

Exhaustion of potential energy of a ring whose central circle is deformed.

Such deformation does not produce instability.

Potential of a ring, whose cross-section is elliptic, at external points.
When the elliptic section is very flat.
Application to Saturn.

Steady motion of a single thick vortex ring.

The stream-line function.

Determination of the velocity and the form of the cross-section.
Small fluted oscillations.

Stream-line function for any number of fine vortex rings on the same
axis.

The equations of motion of the rings.

The integrals of momentum and energy.

Special cases of two rings.

6 R 2
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1044 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Secrron 1.

§ L. To find solutions of LAPLACE's Equation applicable to space inside an anchor
7ing.
z

Let O be the centre of the ring, OZ its axis.

Let any section through OZ cut the ring in the circle whose centre is C.

Let Q be any point in that section.

Let OC = ¢, CA = a, and let the coordinates of Q, referred to CA and CB as axes,
be x and z; also let the polar coordinate of Q, referred to C as origin, CA as initial
line, be R and x, so that CQ = R and £ ACQ = .

In cylindrical coordinates, LAPLACES equation is

@V 1 av | @V 1 BV

i T e T aE T i
Writing = = ¢ — «, this becomes
AV @Y 1 dv 1 @V

da? Ezg——c—af;l;_(c——w)f@;'

We shall find solutions of this equation in descending powers of c.
Tirst, consider the case where V is independent of ¢.

Then
(VL BY\_ (Y VY v
(flx2 + (Zz2> = %\ar T @ de
Let
: 1 1
V= Un -+ z Un-{-l -+ ;,_2 Uw‘+2 + &C'a
then
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

v, , U, _ o 3
dax® a2
PUpyy | AUy d? U, d? U, au,
da? + & = P\ + ) + de -
PUpy | PU,yy [PV, | & U,M du,,,
e T 2 90< da? T >+ dr
&e., &e.
“Let _
U, = (x + =),
then .
#U,,, | &U, N
e T g =rl e
therefore .
U, = (2 — 2) (@ + iz)* + C (z + 22)**L
Take
C=0,
then

Uur = 1 (e — @2) (x 4- 2)~

From this U,,, might be found, and so on.

1045

§ 2. It is, however, more convenient to transform the equations to polar coordinates.

Let

% = ae’ cos X, Z = ae sin x.

For points inside the ring p varies from — « to 0, and x from 0 to 2,

Now,
T _ 1o U av
o= (c X o 50X g )
au 1 au au
——— o™ P — —
o = <smxdp +costX>,
and

U, U _ 1 U d*U
da? X (26 dp® T dy®

Substituting in the above equations, we find

a&u, | U, 0 R
d Pz dXz -
PR PP P L L S . .2
+ = ae T dp ) T Xy
@ U,,+2 & U,z+2 o #U, . | @Uuyy , dUnss . dU,,,
dp* + dy* 4 0B X dp* + ax? dp SLX dy
&e, &e, J

(1).
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1046 MR, F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.
Let
U, = e™ cos ny.
Then
a*U, a*U, S S
dp2+1 S = ae"t P cos n— L.
Therefore
- " *1° cos  — Ly
U= g = =y
= at etV cos (n — 1)x.
This gives
PUsyy | PUsyg ° 3n 2n + 1
—_— n+2p J 227 — .
e I a’e 4 008 (n —2)x+ =, — cos nx}
Therefore

2n + 1)
— 2o (nt+2 (
Upso = % >P{1G(n+1) cos ny + w5 cos (n - 2)x}

In the same way we find

a\3 2n + 1) 2n + 3) \ 1.32n +1
— [ (n+3) 1 —
Uyps = <> e ”{Q(Qn %) (2n 4:)cos(n—[—l)x+ W 2cos(z 1)x

1.3.5
+2.4.6cos(n-3)x}.

This suggests the form of U, ,, which is easily verified.

— (" p 2nt1).. (2”‘*'220 .
Uiip = <2> el {§ @n+2)...(2n + 2p COS (n+p—2)x

p—11.3(2n+1)...(2n+2p— _
T 2.4(2n+2)...(2n+2p_4)COS("+20 4)x

(p=1)(p—2) 1.3.5 2n+1)...(2n+2p—"T)
+ 2! 2.4.6 (2n+2)...(2n+2p—6) °® (n+20-6)x+-~-} (2).

This formula for U,,, holds whether p be > or < n. The number of terms in
Uiy 18 p.

§ 8. The series U, +51 U + (%ZUM?, + . .. is a solution of LAPLACES equation. It
is convergent at all internal points.

For U,,, s < (gy e (1 4 1)L,

Thus the seriesAU%—l—}U” .. . . converges more rapidly than the geometrical pro-
. Ut g prcly g p

gression

2
L4745 + &,
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 104%

Writing sines instead of cosines, we obtain another set of solutions of LAPLACE’S
equation applicable to space inside a ring.

Writing — n for n solutions of LAPLACE’S equation applicable to space just outside
an anchor ring are obtained. They can, however, only be obtained as far as the nth
term. At this point log R arises in the series. In obtaining each term from the pre-
ceding, as an integration is performed, a constant should be added ; and for the series
to be convergent these constants must have definite values. To find the series further,
the method of my former paper is necessary.

The following are the solutions of LAPLACE'S equation inside a ring for n =0,
1,2, 3, or 4.

Constant.

R a R? a\?*, R? R
;;cosx—l—%.%.g;—}-(z?) 3. 3c:osx—l-K >F(%COSZX+_1%§

a \* RS
+(2—6~> 5 (s cos 8y + g3 cosx) + .. .,

i « 4 W

aeos2x+ 5. . reosx + <z¢:> ~ ({5 cos 2x + §)
a\3 R3 L . (3)
+<2—c> B+ ot

R? @ R 2R ‘
56?0033X+§‘ %.&*COSQX—F <Zc> C;;(%%cos3x+%cosx)+ .

Rs
.ggcos3x+..

0

Rt a
i cos 4x + %

§ 4. In discussing the stability of a fluid ring, approximate solutions of the
equation
&V BV 1 av 1 @V

do* U de? T ¢ —a do (c—?)z?i(}s?:

are required.
Writing V cos pé for V, it becomes

BV 1 av
dx2+cl¢'~ c—-—xdw—(c——w)zv—

0.

If p is of the order ¢/o the last term becomes of the same order as the terms

2
PV L @V and the equation may be written

d? T de?
BV BV o 1 [dV 1 av . _
dxg_l“dzgMcgvmcLdac_*—c2 V} { dx+c V} c.=0
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1048 MR. ¥. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

and the equation must be regarded as an approximation to

BV BV

|
dLQ'+ dz? _;‘;V:‘O
or
PV 1 dv 1 4V ]9
dR? + "dR R" dy?* ¢ V=0,

of which cos ny . J, < > is a solution ; and starting from this, an approximate solution
may be obtained.
We shall only need the cases in which p is small.

The equation may then be written

AN BV 14V 1/ ,dV
d?@2+fcé;24~odx < dx+p >+ <m2%+2p2mv>+.

An approximate solution of this is

)1 a Pn+1

cos pd {—~ cos nx + ===y 008 (n == 1)x

a® R+ [4pt 4 2n o+ 1
§0‘§an+2< CT) cosnx—[—?»cos(n—-z))—k&c]f. Co(4).

When n = 0 the solution is

R?

2 2 \
cosp¢{1+fc~2*p2az+&c.}. e e (D)

§ 5. To find the Potential of a solid anchor ring at an internal point.
At any external point whose polar coordinates are r, 0, ¢,

V= M j‘ d @ d f g de
- »/ (1* 4 ¢* — 2cr sin 0 cos ¢) + 8 "ede oA/ (7* + ¢ — 2er sin 0 cos )

at [dN § d¢p &e } *
192 \ede) oo/ (r* + & — 2¢r sin 6 cos ¢) e

Using the expansions of the integrals given in that paper, we find that at the
surface of the ring

* Suprd, p. 59,
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1049

4+ 3 — 1 L 17
V = 202 {x+ 2+t ooy + PlG Ey 2Rl o 2x]0'2

B3O — %) SA+F)
+ [——?)-Q—L cosy + “@Z{— cos Sy | o
T — s 35 (\ + 2
+ [256 + *‘*1'2—5”—“) 0s 2y +”‘L(—]m‘~—(-2 cos 4x] ot + &c.} . (6),

where o = a/c, and X = log (8¢/a) — 2.
Now, inside the ring,

vV @V 14V
@ Tty TAT=0
Let
then
d*V, 1 CZV1
r772 Y+ T dw? + =0
We may, therefore, assume that
A 2
Grm = — o+ Ay

aR?* 32 RP ]

+ A, { cosx+ 75+ asCOSX‘l“T( ) (Yrcos 2y + 135 "{_"'f*
+ A { cos2x+~geosx+cr 4(—~-cos2x—{——~~

s B 35

+o ;(7‘ cos 3x + 15 cos x)

“6 (Tf)‘chOS 4X+ 512 COSs 2X+“.¢1"5)+...},
+A{ 0083X+~——coszx+ }
+ A, {—cost—l— }

Therefore, at the surface of the ring,

v ‘o 9g? 30* 25a*
= b A AT )+ A + 5

+C°SX{ (1+16>+ < 1122)}’

-|-coszxfL +A264+A <1+48+3;14>+A }

=+ cos 3y {Ag =58 -+ A”

..110_
+cos4x{A3]O24 },> e ()

MDCOCXCIIL.— A, 6 s
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1050 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Comparing this with the value of the potential at the surface of the ring, given
above, we have equations to determine the constants A,, A,, &c.
These give

Ay=4ag =T 20D
A-zzlea 37\'61'50.3

A= =g = R (8)
A¢=ﬂ%@afi

Ay =201

Thus the potential is found at all internal points as far as terms in o,
Writing L (log 8¢/e) instead of \ 4 2, as far as terms of the second order

a8

V==27m9{L+ ;(1 _]_)f>+g[ —tE P*]Coqx

3(L— T) R?

L — —1 o
+ o’ t:_ ——————~16 ) + _g ag - ~6_4 o + 16 5 COS ZX %6 7 COS QX} + . } (9)

§ 6. The value of V is a maximum, when

x=0
and

~ Rt o[(L—1)a—3" =0,

that is, when R = o. 5 (L — 1) a + terms in o>
This maximum value

- 0-2 2

Q
—_
|
fa—ry
~—
20
I
[e——

= 2ma? {L+%+%—2(L-—1)2 +}

§ 7. The exhaustion of potential energy
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=4 ([[vam

= 4. 20] [V (¢ = Reosy) RdR dy

00

o R? o R? 9¢% R* 3% R* o' RS
— 4302 > A o
= dma’ ,(O{Al 20 + A (4: a + 138 c¢4> + Ay (32 at 51.2 a.5>}R R

A

Ja \

A

THE ROYAL A
SOCIETY

5 of” 30° R? o B3 Rs
—awe| {4, (5 + -"—;) +A3(Mg-+ A5 o o) e aR
o 84, ) 1 _ 4 9‘ 5ot \]
U L—3 BL—-19) |
:%{L'l-zl:- 3 02—T04—,..}. Ce e e e e (J.O).

If we may judge from these few terms this series is very convergent. When
o =1, t.c, in the case of a ring so thick that it touches itself at the origin, we have
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L = log, 8 = 2-080.

The exhaustion of energy

The first three figures would seem to be correct.

M’

p
= 2'150. M—
2mre”

= 5. {2330 — "177 = 003}

[Let the same mass be collected into rings of different mean radii, and consequently
different thicknesses ; let the final mean radius of the ring, that is, the mean radius
when the ring is so thick that it touches itself at its centre, be taken as unity ; let
the exhaustion of energy in this position be also taken as unity. Then the exhaustion
of energy for different mean radii of the ring is given by the following Table :—

Mean radius

Exhaustion of potential energy

1-25 ’ 1-5

1.

|

‘9488 I *8874

-8284

7749

il
|
|

6144

3506

July 22, 1892.]*

* This Table was given at the suggestion of one of the Referees, replacing a Table given in the paper

as read.

68 2
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1052 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

§8. To find the potential of a distribution of matler of density f3, cosny on the
surface of an anchor ring, at all internal points and at external points near the suyface
of the ring.

We know that for a cylinder

Vi ]
273, “\a cos nx ]
|
and F
V¥V, a\* |
27"@: = ﬁ COS 7ty J
Let us assume for a ring
aV,; . E .o
B, = <a> Cos Ny
R\#+1 ‘ o /R\2+2 (95, 1+ 1
+4<6—> cos(vz-l)x—i—g(—a:) {27+Zcosnx+4‘cos(n—-2)x}—l—.
{ R\»
4 {<£ cos(n—l)x+z<;> cos(n—?)x-{—...}
o R\#+1 o /R\»
~4~A {() cos(n+ 1)y +;(\g> oosz'zx+...}
I -2
‘‘‘‘‘ s —_9 L
+ 6A‘{<c) cos (n )X+ }
(J'2 (v 1
+EA4{(\Q> cos ny -+ . J
o Ryrx—2
+ I§A5{<2> cos(n+2)x + .. }
and.

+2 <f%>n_1 cos(n+1)x —l—%? <%>M_2 {27 -icos(w —2)x+ $cos (n— Z)Xl—}-

+2—B1{<%>“ 1eos(n—1)x+ <> cosnx—}—...}
—{—2}32{(%)"“008(%—1- 1)x+2<%> cos (n + 2)x + jL
}
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The constants are to be chosen so that

V,i—V,=0)
and '}
| C?{%’ av; + 4B, cos nx._OJ'
at the surface of the ring.
Thus
1+ A, =8B W!
n+1)+@m—1)A =—(m—1)B |
(n+1)A,=—mn—=1)—~(n4+1)B, |
and
§+ A1+A3=B3 )
%(n—}-z)—{-nAl—I—(n—Z)Ag:-~(n—‘))B3
2l A+ A =TT B+ B,
2l g g 2) Ay + A, = — 2Tl —9) —(n —2) B, — uB %
n+1(n—|— )+ (n4+2)A, +n Lll_—»——;n,__l(n,-—u)——-(n—-z) L — 1B,
A5=%+32+B5
(n+2)A;=—30—2)—auB,— (n + 2) B,

These equations give

nv 1

A= T =1 Bl == —;'L"—"'j_"
- —
b= =155 b=~ el hasD
A, =—2 B, = —2.

2 3 .
O i} ) B==sury

Thus we find that to the second power of o,
Vi <§>ﬂ oS 7y

2maB, %
al [1/R\»+1 1 R\»—1 1 Ryva+1 b
+4H < > —n_1< > }cos(n——-l)x M—(;:rl}( ) cos(n—l—l)xJ

@ 2@n+3) (Ry*2 {R\”*" /R\»
+32[n(n+1)(n+2)(a> cos (n+2) x + - <,/ --\()}cosnx

3 [Ryut? 2 /R\# 1 /R\»=2
T () L o] 0
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1054 MR. F. W, DYSON ON THE POTENTIAL OF AN ANCHOR RING.

al (1 /a\»—1 1 /a\e+l 1 a\i—1
;[{;G{) — 21 <ﬁ> } cos (n 4 1) x — m<ﬁ> cos (n — 1) X]
o? 9 (2% — 3) .Ci =2 i % o -2 _ ff)”

32 [_ n(n—1) (n—2) <R> cos (n —2) x + - { T <R } cos ny

3 [a\r—? 2 @\ 1 a\»+?
T R FRT P

These agree in giving at the surface of the ring

V. cosmy T {cos (m+1)x cos(n—1) X}
4n

27"“6» 7 w1 n—1
D B ____éi@.:_._w ‘
+ l(m{(n Ty 4 2y et 2)x T3y o8 (n—2) }-I- &e. (12).

I have verified the above value of the potential at external points near the ring by
evaluating the integral. The method here given is suggested by Larracm (‘ Méc.
Cél., Book 3, c. 6). It is not satisfactory, as it will not give the value of V further
than the terms in o* The form of the potential at points near the ring changes after
these terms. Log R is introduced, and it is found that some of the equations coincide
so that there are not enough to determine the necessary constants.

§ 9. [As illustrating this, and furnishing a result which will be used later, consider a
distribution of matter of density af, cos 2y on the surface of the ring.

By § 22 of my previous paper, it is seen that

Yo EA L
2mwa®B, % P2 COS 2x + {(d R 3 13 ) cos 3x 1, cos X}
(L i
2—_2_ ‘I + 10 1) + 1 + 2 a? 9 + 3 (7,3 4 ! &
+ 321 — ( { Ccos zy 3 1):; 1 l”) cos X + C.

This agrees with (11a), except for the term
éLlogR- +1
32 2

The value of the potential, inside, is Consequen’dy given by

Vi ; B R R R?
qua?,GQ & —5cos 2x + {( e > cos X + ¢ g p cos 3X}

o?

+§§{¥—%0084x+2<1 1>“°“’<'3‘;"2;‘5"“°g e
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1055

Adding to this the value given in (9) for the potential inside the ring R = «a, we
have correct to the first power of B,, the potential inside R = a (1 + S, cos 2x).
The terms in B, of the exhaustion of potential energy of this ring are given by

27 pwa (1 + By o5 2x)
27%% { L-ik_ W cos
o gl
i | 2 a 8 X
0

0

¥ . R
+ 0'2[»73« (L—-%)L — o5 Iﬂ cos 2x}(c — Recosx) RdR dy

@

+2w2a9,82j j { <21§§ h) cos x + 39< Ly R ‘>L>}(c — Rcos x) RdR dy,
0 v

at “

all the other terms vanishing on integration.
Therefore this part of the exhaustion of energy

= 27a*c? 0-2,82[2"{{ . —: d 1o (L—3)— ‘—"} cos® 2x + 55 cos’ x — 3’z (L + 4)} dx
= - 27T3064"C ,8 (L — ‘1—5) e e e e e e e e e e e e e e <13).

July 22, 1893.]

Srecrron I1.

§ 10. An annular form is possible for gravitating fluid rotating round an axis in
relative equilibrium, ~ When the cross-section of the annulus is small compared with
its radius, the cross-section is nearly circular.

Let the ring be disturbed so that the cross-section takes the form given by
the equation

p=af{l+Bycos2x+...4+B,cosny-+...}

We shall prove that the ring is stable for disturbances of this kind, and find the
periods of the various oscillations.

It is necessary to find the exhaustion of potential energy. Let this be called U.
Then

U=1 J.V,- dm

Il

wHOV (¢ — Rcos x) R dR dy

where V; is the potential at an internal point.


http://rsta.royalsocietypublishing.org/

VA\
/) \

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

Py

/,

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

\

2

OF

/,//' \\
3

y i
=\
{

A

OF

Downloaded from rsta.royalsocietypublishing.org

1056 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Tt is necessary to know U as far as the second order of the small quantities
Bas &e., B. Suppose V; is obtained in the form v, 4 S, cos ny, where v, v, are
functions of R. Then it is necessary to know v, and v, to the second order, but
Vy...w,...only to the first order.

Now

v,

2mra?

R? log8eje — 1 1R R3
= log — —I—g(l———w\-{— <i—c/;— ~-—§‘;§>cosx+&o.

T Bﬁ{(h) cos ny 48 [(1 Ret! 1 ])"“1> cos (n— 1)

p artl g —1 art

1 R"“ -
w(n + 1) 1 o8 (72 + i) J}

o 1’q

4 a?

-+

+A+B( cos x + - +&c.\>,

where A and B are small quantities of the second order in B, ... B, ..., which must
be found by comparing the value V; at the surface of the ring with the value of V
there.

§11. We shall now find V|, the potential of the ring at an external point.

£

Let Q be an external point whose coordinates are » and 6.

Let P be a point on the axis, C be the centre of gravity of the cross-section. Let
PCO = a and let CP = 7.

The potential at P is

o r”r ) (¢ — Reos y) RdR dy
loJoa/{m?* + R* — 2R7 cos (y — «)}

2 ¢ Pl ¢ 3 I3 4 1 pS
:2#[ {——~+?§ cos (x — «) + @%PQEGOS(X—“)J—;;gCOSX

o |7 2

% cos cos (x — o) }d
T 4 X X X
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1057

Substituting for cos a, ¢/r,, and for p,

nip—1 03
a? {1 + p3B,cosny+ 1_’_\!_’,;2, ~~~~~ b 3 <i ~+ B B cos X>|l,

J

and retaining only for the present the terms of the second degree in B8, ... 8, ...,
we find that at P

9 < 1 A BYLQ ac ,[))u Bu B
— 22 L ~e . pab Rl atlt s
V, = dn'a’c {27,1 2( 9 O'B”B,,+1> + o 3 5 }
Therefore at Q

. ) B’I (,d(l)
VO = 2ma* 3, < 5 — o B, B'L+I>J AV (#* 4+ ¢ — 2¢rsin 6 cos §)

¢ 3 _‘i " ‘M’
— 21070 % (B, Bun) de _(0 V(4 ¢ — 2ersin@cos d)
| Supra, p. 59.]
Expanding these integrals, we find that at a point R, x just outiside the ring,

v 8, g log%c -1,
w ocC v v
Sl = < 2 7 By ﬁ”“) log R + Ty, cos X)

2ara’

v

2log = — 1
+ Ganﬁ/H—l(]) Cos ¥ + 4. >

Adding this to the values already obtained for the potential of a ring whose cross-
section is an exact circle of radius a, and to that for a distribution of surface density
a2 B, cos ny on such a ring, we find that

8¢

— — 1 . 2loo == — 1
Vo _ g 80 PR Reosy ot ¢ B O )
fwo_-log + 5 . + ... 5 Rcosx—}— i + ...

n n

5)”“ cos(n+ 1)y  [a\*=teos(n —1)x
R n+1 R n(n —1) T+ }
) log § !

1
o (B 8 ° R R
+2(7 = o8B (1og g R )

Zlog%—l
4-0'2,3n,3n+1 I)<:om(--l~ 4 oo oo (14).

MDCCCXCIIL— A, 6T
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1058 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

§ 12. Now when R = p=a (1 4+ 3 S, cos ny), V; and V, must have the same value.
This will enable us to find the terms of the second order in V.

Remembering that for a solid ring of circular section, V and dV/dR are continuous
at the surface, and d*V,/dR? = (d*V;/dR?) + 4m, and that for a distribution of

surface density a B, cos ny

avy _

TR cZR + dmafB, cosny = 0,
we see that whert R = p = a (1 + = B, cos ny)

V ——VZ dar a?
‘émg =3 3 5(/82 cos 2y + ... 4 Bucosny +...)?

4ra 2B, cos ny
2mra®

8¢
log— —1
8e @
+ b ( Bﬂ 1sz+ > (lOg - + "——*“"—‘2 o COS X)

a(Bycos 2x + ... + Bucosmy +...)

8¢
o0 g
+ 3B, Bus1 (cosx + +o>

——A-B<cosx+z>

Since V, — V; = 0, we find

A+BZ=L-1sth 2t IUE:BanH_]L |
B=— I—JZ—lo'EB,F Jr
Therefore
= L (1= ) o (M5 e x e
+ = 8. {— ~ 008 1Y . [@ ];::11 — /L]_' i J;: ;) cos (n— 1)y
" (/L1+ 1 ?::11 cos (n + 1)X]}
L= B lesg g~ Ty

L

-1 2 e
+-~——4 0-2,8,,,2<;cosx+z-(;2 (15.)
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING 1059

§ 13. The exhaustion of potential energy is given by

U:%fvédm

=mﬁ”HL+%<1 R2>—I-o-c'o X(L_lg- 8(é>}(c—-Rcosx)Rdexol¢>

[4

+ ma? ”]’ 3 B. { —cos ny + [(1 LA 1) cos (n — 1) x

n artl n—1 ar

1 Rt
+ n(n+1)a nHCOS(’n—l—l) ]}(C—RCOSX)Rdexd(ﬁ

L—-1

+7m2HH(L-—1)EB” ~ R esg B — e

—I———o-E,Bn <; cos x + ———)} (¢ = Reosx) RAR dy dé
= 2772(;&2!’ l: {(L+ 2) gp{é} — cosx{(L + 3 B‘_—;-—- 1-8-;—2}

L—1p P
+wc°sx{ 2 %‘40&”@

2w
+ 27%tc L 3 B, cos ny 3 {% cosny — (;B " ~cos(n—1)x

+4—:7—Z—(%§_”;T)cos(n + l)x} (1 — ocos x) dy

2L+1

+27r3a‘*c{(L—1)2 o3 B, ,e,m}.

In the first integral, substitute
pﬁzaz’{l—i—pzﬁncosnx-{-p@ )2<” + cos x % B.Bus1 + >}

On integration this gives

2L+1

27)‘30640{]:1 +;117+(L—])2§§‘ 0'26?1/8;2+1} *

The second integral may be written in the form

Bn Ol 4 7 —
27%atc .( 5 B, cosny 5, K ™ (ﬁ +IVB + 4&5 = 1)> cos ny (1 — o cos ) dy,

6T 2
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1060 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.
giving on integration

o9 1 B2 (20 + 1) B.Busy
2713()040{ % n o o3 %, (71 4+ 1) }

Therefore, adding the three integrals together,

n M4l . W41
U=27T3a4(c{L+Z‘L+2< — i+ >Bu-—0-2{ 2 +2n(n+1)]8”'8”“} (16).

Let a, be the mean radius of the cross-section.
Then

mozzm2<1+2§;f> T N ¢ 14

Let 27%a,%, be the volume of the ring.
Then

2
27T20L0200 = ZWQOLQC <I + 2%" -0 23}137;-}-1) e e e e (18).

Substituting, we obtain

8 —1 —1)(3 1
U = 2w, {log 20 4 — 382" = oppn “ T E |

M. PoiNcARE gives

}.

U = 27%,'¢, {logw

(T1sseErAND, ¢ Mée. CéL,’ vol. 2, p. 166.)

[This is correct to the first power of o. The term in ¢°8, is important, for in
the equilibrium position of the ring B, is of order o? and therefore this term is of
the same order as the term in 8,2 By (10) and (13), the more correct value of U 1s

2miayte, {L + 44— %% ot =" @5”—1:2%‘)' t— :32(;: (L — %)
-1 1
i[5 e OAEET G

July 22, 1893.]*

* This was inserted in consequence of an observation of one of the Referees, who noticed, what I had
overlooked, that the less exact value of U failed in § 14 to give the correct equilibrium value of ;.
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MR. F. W, DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1061

§ 14, To find the fluted oscillations, it is necessary to determine the kinetic energy
in the disturbed motion.

Let ® be the velocity potential of this motion.

Since the bounding surface is given by

R =a{l 4 38, cosny},

therefore

oR -
an _|_ 0= a (143 B, cos ny)+ a3 B, cos nx — a2 (nf3, sin ny) <P2 dy ‘i >

at the surface of the ring.

Now :
L K _ _ siny
5, = C0OS X and o=
Therefore
g—i{: =a — ceos x + 3 (@B, + aB.) cos nx —a 3 (1B, sin ny) <P2 gcb ql; ¥ c>.
Since
2
a*e (1 + 3 %} = const.,
"¢ 2 .
:—; + _C(j + Elgﬂlgn = 0.
Therefore
oD . o " ) . .
== o<cos X+ %) — 5 2B.B. + 2 (aB, + aB,) cos mx
: 100 siny -\
— a3, (nB, sin ny) (R? oy~ & o
Approximately
oD .
a}; = —-—C <COS X + %})
Therefore
ommifonn 2}
This gives
o = ac I sin y
aX a ¢

Substituting in the last term, we see that it vanishes : the second term may also
be omitted, giving

o= ——c<cosx+ >+2(a/8 + af.) cos ny

at the surface.
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1062 MR. I, W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Therefore
h = — éa(P cosx + ¢ R) + S(a,B,, + a,B,,)a cosnx

4¢ a?

The term in 0'0,3,,; may be omitted.
It is easily seen, by § 4, that a more approximate solution is obtained by assuming

a R? a RS
(D:—acA { cosx+zl~c;+z2;z)-c X}

a l)n-l-l

+2A,,{ cosnx + - “Hcos(n—l)x} N 1) 8

The constants are easily found to be

2.2

bslex
Al =1 — :,35 9

_oofB_ (m+2) o\
Ay=a <n dn (n + 1) B

At the surface of the ring, therefore,

o= —-a'c{cosX(l — ;%) + %} + a®3 <§ﬁ_ %%‘B,,fozosnx +j—;cos(n — 1)X>

n

— . y a? Bn 0'/81+1
——O‘G{C%X(l—ﬁ>+4}+ 2(2 27b(qb+]))cosnx
and

dd

. o s
- =—c<cosx+é>+o&216’ncosnx.

The kinetic energy is given by
o7 = (@47 as
= 270&0[@%(1 — o cos ) dy

= 27%%c {02 (1 -_ %%) + o {%‘? - gﬁ&ﬂ)} Coe (21).

w

To this must be added the kinetic energy of the undisturbed motion, which is
given by
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1063
. 2w
2T = m* [ ["(c — R cos ) 8RR dy
0 Y0
=M09q'52(1+%0'9—|-—§—«72,82). Coe e (22),

where ¢ is the undisturbed angular velocity of the fluid.
Therefore ,

. 90? . — 03Bt
2T=M{02<1 - ﬁ>+@22§”‘“’“§£—l+ c“qS (1+4U +2°'2:82)} . (23)'

§ 15, Also
U=v5 c{log”‘+—'—&0 —ﬁf—<log————1%>

—1 3+ 1) (n — 1)
_z<% B — (ni3n(7l)—(|~n1) 0-,811,3,¢+1>} Lo (24),

where a and ¢ now denote the mean radii of the cross-section and of the ring respec-
tively ; o = a/c, and is small ; vy is the constant of gravitation.
Retain only the terms of the highest order; LAGRANGE'S equations give

2,8” M - 1 .
+: ome ! 2n o B =0.

Thus the period of the oscillation of the type B, cos ny is given approximately by

,3,; 77@—#')/,8,;—-- N ¢1:3)

The time of a complete oscillation is /\/ (—h_gil)_;;’ and the time a fluted wave of
this type would take to travel round the ring is

n,\/(—;?’—-_s_—wﬁjy-

[The equation giving the period of the disturbance of type B, cos 2y is

e teot] oo o T ) =0

Therefore the value of B, in the undisturbed motion is given by
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1064 MR. . W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

2/ 8¢

o= myd = (log ) — 1%)

[42

agreeing with the result given supra, p. 94.—July 22, 1893.1%
An interesting oscillation of the ring is that in which the mean radius increases

and diminishes, necessitating a decrease and increase of the cross-section.
We have

Mc‘zd; = const. Wl
8e
M2 (log >l 41 r
_ 9 _ Ty
M¢ — Med Y 3 o (_ _(__c__) =0 ’
J
Remembering that a% is constant,
8¢
log = 4 L 1 3¢ \ 1 /1 1 ay
Z ° 4 e s 1 S = —
L a o 02 <].Og @ + 44) + ¢ <C + ‘)C/)
de ¢
1 8 5
- T2 <10g @ 4)

Therefore,

MC—— Mcqéz + }—7:(,; <]Og (iic — ~> = 0,

Thus the angular velocity in the position of relative equilibrium is given by

o M 8¢ 5
T 2w Me <10g @ + )

a? Se )
='yﬂ;<log~a—~§;) e e e (26),

agreeing with the results found, ante, p. 94.
For the small oscillation, write ¢ = ¢, + @, @ = ¢, + y, in the above equation.
Then,

e + 2agcy =0, or y= —1L S

* See note, p. 1060.
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1065
Therefore
.. ’\401 v M? 8 (¢y + ) >
F e (log OO s — .
Mz — (c + 9&)‘ + 27 (¢y + J,)2< 0 (a9 + ¥) 4 0

Therefore

ay’ey’ <10g‘ §ac - i)'> v 27 @’ 8 (¢, + &)
Z—y o L YET (16, 2 T s) g
(6o + @)° 2mr (6o + @)

ty + Y
or
e 2 8 \ , ’2/ 8
”""37%<l°g;@“%)w“27%’5<10g56—-—>w+zy—~m=o,
0"\ 0 o 0
or
o 2 8
m+y:%<logf‘!+zi-jm=0, C (2,
0 0 / »

giving for the time of a complete oscillation

v e )

The oscillations might be found more approximately, but this hardly seems worth
while, as the ring will be proved unstable for disturbances of a different kind.

§ 16. The effect of long beaded waves.

As before, let U be the exhaustion of potential energy of the ring in its disturbed
state. In this case the ring is disturbed so that its central circle remains an exact
circle of radius ¢, the cross-section is always a circle, but the radius of this circle
varies with the azimuth. Let it be given by

p = af{l 4+ = (a, sin nd + B, cos nd)}.

Let V; be the potential inside ; Vb, outside.
Then

U =4 [Vidm

=3 Fﬂ'ﬁ Vi(c — R cos x) RdR dx de.

040

If V; be expressed in the form
?) -+ vy cos X + vyco82x 4 . ..,

the only terms we need are v, and v,,
Also, the only terms of the second order in the small quantities & and B, which
need be retained are those independent of ¢, as the others vanish on integration.
MDCCCXCIIL—A. 6 U


http://rsta.royalsocietypublishing.org/

A

a \
=
/ é\:

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

Py

///

AL

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

1066 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

§ 17. To determine V; we must first find V.
Let &', 2/, ¢’ be the coordinates of any external point, =, z, ¢ of any internal point.

Then
_ w dw dz dd
Vo= ,”.(\/{1;5'9 + o% — 2ow’ cos (¢ — @) + (#/ — 2)*} '

Let w = ¢ — .
Then
Vo — H’ (¢ — @) dw dz d
O NV e = 2P + &7 — 2(¢c — z) &’ cos (¢ — @) + (' — 2)*}

— ((f,-= (d/de) = z(djde) 2 cdgp
e ”e de V¢ + w' 2cw’ cos (' — @) + 2}

2 a d
.0”{1 - <w%+édz’>

1/d , 4y Y odg
+ 5 <” % T* clz’> " } D e 5 St cos (B — @) T )

Il

where the double integral is taken over a circle of radius p.
Therefore

2w a2 dﬂ A
VO_—.:.( {Wp2+%77p4<d2+"‘7)
0 ¢ %

[ d? A2 \? 3 ¢ d
S PN .
+ Tog 7P (cl 2 T dz’2> + - j Vi{e? + ¢ — 2w’ cos (¢ — ¢) + 7}

Now
pl = ar {1 + p3E(a,sinn ¢ -4 B, cosn )

D - 0‘;;2 M‘J
+ . (202 1) 2[ ; 18 + (ana/u—l + IB/LBH—H) COS (l) + . .]}.

e . L. dP 7* ,
Substituting this, and writing - + Lﬁ = V2

2m

@y & 4,} ¢d¢
0{1+8V +192V V{w? + ¢ — 2w cos (' — ¢) + 2%}

Vo= 770025

2 a? at ¢ (e, sinn  + B, cos n ) d
+ Io {2 TVt v*} J1a? 4 @ — 2w’ cos (§ — ) + 27}

3a? Ba* cdp

2m 2
+ 77'0[,2 J'O 2 Fgﬁéigu {l + sz + 64‘* V*} :'\“/{m_h), + ¢ — 90w’ COS (4), _ ¢) i 2,2}
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1067

2 v Y o cd
= 7 J‘ {1+ v +199v + - } V(@2 + &~ 2w cos d + 27?)

¢ cos ne d
vV (®% + ¢ — 2w’ cos p + 27%)

+ 7?2 (o, sinn ¢’ 4 B, cosn ) f"{z + gj V‘)*}
. 0

an + Bn ol Gd¢
R j {1 47 v2+ }\/{w/ucz_gm,coswz&} .. (28).

§ 18. These integrals admit of simplification.
Denoting

o cos np dep
!.0 V¢ + 5% — 2ce’ cos ¢ + 2} by I

d*L 1 dI d’L 2
P B + - 2l=o,

dn’ » dw’

since I cos n ¢ is a solution of LAPLACE’S equation,
Symmetry shows that
L 1dal | &1 2
“I=o,

dc? ¢ de dZ* - &

therefore

"d? d? : ar . «?
<;@+g;z> le=0+751

A Ldl\ _ a0 dl
<dc + dz’2> lo=-2 <c dc> sats 5L

Substituting, we obtain

and

V—-Zwoﬂc{l-l-l—oﬁ—“l—ﬁzﬁ- | r i
o Sede 192 \cde )/ (@ 4w — 2w’ cos ¢ + 2)

44 2,9\ 2
dmac sinn 2 b - 538) v
+ 4wac s (o, sin ng’ + B, cos ng’) {1 +5 i L 64t T\* T 3222 ede

1 (@ 2} ."" cos ne dep
B 0/ (& + "% — 2ca’ cos p + 27?)

+ 277@20 2 )7: + Bﬂ {1 +

JBIOS

Y, i 2
ede 3% \ede 0V/(@ + &' — 25’ cos ¢ + 2?) (29)-
6 U 2
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1068 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR- RING.

It is important to notice that at the surface of the ring differentiation with
respect to ¢ lowers the order of the terms once in afc. Therefore the operation

2
% % raises the order once in a/e. Provided that 7 is not greater than ,/(c/a), that

is, when the waves are long, the value of V; is given by § 17 correctly to the
order (a/c).

We shall, however, simplify the work by rejecting all but the most important
terms, though it would be quite easy to retain terms of higher orders.

§ 19. Let the point @', 2/, ¢’ be near the ring, and with the notation used before
be the point R.x.

. . [T dp . 8¢
The most important term in 5 = Zalscos g T & E ) is log m
™ cos ne d T cos ne do

The integral j’ being of the form

1
o/ (&? — 2w'ccos p + & + 27’ 2/ (2w'c) 50\/@ — ¢o8 ¢)

is
1 1. 16(+1) 22 N 1
S 208 g =1 (2% <1 SR Ja A ol 1)
(J. J. THOMSON, ¢ Motion of Vortex-rings,’ p. 26)
= log — 27 (n),
where

1
f(qz):1+~1?;+...+2n_l-

Writing ¢ for the azimuth, instead of ¢', we have, therefore, that near the ring
outside

V, = 27a? {1 +3 ﬁ%@zﬁ} log%

+ dwa? 3 (4 sin np 4 B, cos 1) {log % — 2f(fn)} .o (30).

Inside the ring, therefore,

V; = 2ma? {log% + 4 <1 _ %ﬂ)}

+ 47?3 (o, sin np + B, cos ne) {log% — 2f (n)}
+C. .. e (8L,

where C is a constant of the second order in a,, 8,, &ec.
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MR. F. W. DYSON ON TH# POTENTIAL OF AN ANCHOR RING. 1069

Asin § 11, we find that at the surfuce of the ring,
Vo=V, =27a®3 - & + B2 lo EG -+ [;—gﬁ(ansinm/) + B, cos np)* 4w
+ a3 (a, sin ngb + B, cos ng) [— 4mwa 3 (a, sin ng + B, cos nd)] — C

Since V; and V; are equal at the surface,

0=2m2<1og%’5-1>29‘ﬂ—~—~—4. R - )

0070

= [ [ flog %+ <1 - 5> + 22( og ¥ — 2f(n)> (o sin 1p - B, c0s neh)

+ (1og§;f - 1)2“" 271 (o — Reos ) RaR dy 49

= 27’ ﬁ" {<10g%0 + —]2—> 8c2 + 2 2< og %c — 2f (n))(aﬂ sin ng + B, cos ne) fg
+ <log%c - 1> b 0&2—;—@—2 P—g}oh{)

= 2n%a'c {log%c + 14+ <10g %c - 1> S (22 + BA)
+ <2 log ¥ 4f(n)> S+ 82}

Let o, be the mean value of a.
Then

U = 27%a,'c {loggf-l- I4+23 <log§—q — 2f (n) — %) (o + ,37;2)} . (33).
0 0
§ 20. When the ring is thin and n is small the change in the radius of the cross-

section is slow, and an approximation to the disturbed motion is easily found by the
method of parallel sections.

wp*w = const. = C
2
2T = j mp e dp v?
0

2w
h = j mp® ¢ dp cv = 2mc*C,
0
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1070 MR. . W. DYSON ON THE POTENTTAL:. OF AN ANCHOR RING.
Therefore
21 C‘Z
T = ( g; qu
Jo TP
200
2 2 (o‘u + 18452)}

200

(an + B2 )}

= —M?’ 1423 (2, 4+ B}

Let A, be the component of momentum corresponding to the coordinate a,. Then
the whole kinetic may be expressed in the form

hR
2;{2{1+22( S B A AL o (84),

where the terms in the summation are necessarily positive., Thus

2
T—-U= ’% zknAug + 'éﬁlﬁ {1 + 23 (0‘%2 + 6“2)}
Lo [L— o) — F @ B . . (35)

HamturoN’s equations will give

21

! 2M?
—‘(:3_7'5 (knA;z) + "M';;E oy == ;;c“ [L - 2f<’1l) - %«_] o, =0 . . . . (36).

The steady motion will be stable or unstable as

202

M .
W—?[L—Zf(n)—a“] 18 > or < 0,

That is, according as
—[L—4f(n) + $]is > or < 0.
Now, when n =1

L—4f(n) + §=log - —3j

When ¢ > 3a,, this is positive : therefore for any ring whose cross-section is smaller
than this, beaded waves cause instability.

§ 21. Next consider a disturbance which leaves the cross-section of the ring by any
plane through the axis an exact circle of radius a, but the centre of the section is
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MR. 7', W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

displaced to the point whose cylindrical coordinates are ¢ — &, {, ¢,
where

f =c3 (an sin mﬁ + IBn cos n¢)’
{=c 3 (y,sinng + §, cos ne),

and

& and { are taken to be small quantities compared with a.

1071

Let ¢ — £ —a, 24, ¢ be coordinates of any point of the ring, and =, 2/, ¢’ of

any external point.
The potential of the ring at =, 2. ¢’ is given by

(¢ — @ — &) dededd
Vo= ”L/{m’z—Z(c—x— E)w cos(p’ — @)+ (e —a—EP + (¢ —z— )}
d
= [[feersmens dede s T

o d d
— =& (dlde)—$ (d/dz") — —_— iy —
JO ¢ j [ {1 Vae T P

: cdd
+ - "}dw dé VA{a? + ¢ — 2cw’ cos (¢ — ¢) + 27}

E 2 2\
— | o=t =2 @iy w @
j'oe m {1+8< 09+dz'2)

¢ de
te .}\/{w/?’ + & — 2cw’ cos (¢’ —¢) + %}

2y S "Iy ed £ @
“”(‘{1+8<dcz+czz> Ho{l do d'“ w9
cde
T '}\/{w’z + ¢ - 2¢w’ cos (¢' — ) + 2}

(37).

Retaining only those terms of the second order in the small quantities «, 8, y, 6,

which do not involve ¢,

— 2 @ @ r cdd
Vo= ma {1 T3 <dc2 + clz’z) + - } oA {o? + & — 2w’ cos p + 2%}

2 2
_woﬂ{l + — <;lc2 + 0—ZC§’—°> +. ..}{E(aﬂsinn¢>’+ﬁncoanb')c%

!
+ 3 (y,sin ng’ + 3, cos ne ) — } J’ Vo ;Ci% ;j; a ;;1:) o 27

9 (L" d2 _(Zf OC/L -+ 67;2 dz_ LY + /8n8n d2
+7Ta {1+ <d0~+dz’9 +... 4 + 9 dodz

L8 B rw cde
' 4 d?[)o\/{w"? + & — 2ez’ cos p + 277}

(38).
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1072 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Write

& = a,sin np’ + B, cos np’
{ = y,sin ng’ 4 5, cos ng’

Then
2 (& &
Vo =m0 {1 + 8<dcg+ d#*
, d , d 2 (2 o ¢ cos ¢ dep
N S S - LA [ |
+ } { ¢ de Cdz T3 2 d¢? } 04/ {5’ + ¥ — 2ew’ cos p + 27}

d? K b d (1 — cos ne) de
+ 77(62{1 +3 < + dz’2> + . } {f de T (lyH’ VPP — 2cm’cos¢+z’2}.

Let the point =, 2/, ¢’ be on the surface of the ring.

Let
w = ¢— R cos x and 7 = R siny’

=c—acosy — & =asiny, + .

Retaining only the most important terms,

dz
2 (£ 4+ U gp) {2 0) 700 T 4
= 2ma® {1 0g ——— S(c g) + ° f(w)}
= 27¢? {log 5 —|— > [j( )— 1] — ii}
s @l T BE

= 2ma® {log + 2 [ f(n) — 1] (wysinng’ + B, cos ng’) — i#} . (39).

. / , d Ld 8¢
V0=2770b2(1m§"d0—— ,—|—...>{10g1{,+&c.}

§ 22. Inside the ring the potential is V;, where

Vi=2ma’ {log + % (1 - ;‘) + 2 [f(n) = 1] (masin 0’ + B, cos ngp’) — 3 “”2{'3"2} ,

where R, is the distance from the curve of centres.
The exbaustion of potential energy

U =4 [Vidm,

thus

J_{:m,w (¢ — & — &)dw dzdd,

a? Qara’
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1073
or
8¢ u"2 + '8 “2 ang + Bng
U =awate {log 44 — 3 LA — 3/ () — 1) 1A
e 80 “n2 + Bng
=i fle A= - o)

For
M=([[(c—2~ &) dudeay

= 27 .

§ 23. The exhaustion of potential energy is therefore diminished when the ring
is displaced so that the central circle does not remain circular. For this kind of
disturbance therefore, the ring is stable, even when the fluid does not rotate. The
effect of rotation is to increase this stability.

- We have therefore the following results.

The annular form of equilibrium of rotating gravitating fluid is stable for disturbances
symmetrical about the axis, and for disturbances which alter the shape of the central
curve, but is unstable for long beaded disturbances.

This result was, perhaps, to be expected, as by means of beaded waves, the mass
would naturally be broken up into spheroidal masses.

Secrion 1II1.

§ 24. The methods given in my paper, ante, may be used to find the potential of
any ring whose cross-section does not deviate far from a circle. They will not,
however, apply to a ring whose cross-section is very elliptic, any more than the
potential of an elliptic cylinder can be obtained as an approximation from one
whose section is circular. In this section, the potential of a ring of elliptic cross-
section is obtained by taking the known result for an elliptic cylinder as a first
approximation. The value of the potential obtwined applies only to points not for
Jrom the surface of the ring. The potential at internal points may be derived from
this, while the potential at other points may be found easily by other methods.

Consider a ring, whose cross-section is elliptic, the major axis of the ellipse being
perpendicular to the axis of the ring.

Let the figure represent a section through the axis of the ring.

TN
o AN S
MDCCCXCIIL—A. 6 X
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1074 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Let OC=¢:CA =a:CB =0.

Let, « and 2z be the coordinates of any point in this section of the ring referred to
CA and OB as axes.

The potential of the ring at any external point =, #/, is

(¢ — @) de dz de
m\/{@—w)um’%—2m'<c—m>cos¢+<zf_z>2}' SRR S

a 2w l '
— = a(d/de) — z (d/dz') { ¢ i
‘(je dx dz Jo «/(m_lz + ¢ — 2¢w’ cos ‘;b + Z,E)Y ) ' ) (42).

Writing D for d/de, and IV for d/dz, and taking the double integral over the area
of the ellipse, we obtain for the potential at an external point,

a*D? 4+ *D” (@®D? + B°D7)
Vo= dmab {% +rr o tEssT o

" cde _
+...}me,zﬂg_zm,cos“z@). N )

§ 25. When the cross-section is circular, the formula may be simplified. Calling

j’" d 1
0/ (@2 + & — 2w’ cos p + &%)’
- @I 1dl__
de® (Zz ¢ de

Therefore

< de de dc
d? d* N\ d [d? N d /1dl
<dc‘3 + d.z'3> ol = de <ch2 + éz"'z) I=- de <c —CZ;>
d? \3 d [d? A\ /1 dD
< + @) ol= _ ;Z~c<d02 + (Zz"> <0 dc)
d (1 . dl 2d /1dl
Y e s L ZZ (2
clc{c(D D de chc<c dc>}
d /1d >3 ‘
+1'3dc<c de I

So that when the cross-section is circular, we arrive at the formula given in

d? d? ) ol=2 dal dar dl

I

I

my former paper, p. 59.

M a® d at /1 d\? r cdd
= =) = — . (44).
Vo= wc{ t 8cde 192 <Vc dc> } 04/ (& + ¢ — 2cw’ cos p + %) (44)
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1075

§ 26. Let the external point at which the potential is required be near the ring;
let its coordinates referred to CA and CB be R cos y and R sin y.
The integral

™ cdd
L V(@& + & — 2w’ cos b + %)

may be expanded in the form

8e 8¢ e
log =2 — 1 2log =2 — 3 dlog = — 4
8¢ °R R cos y ( °R °R )R@’
log—]-): + 5 y + ST -+ T cos 2x /= + &e. (45).
Now

8
{%+—,—4—21— +&c.}log1—;

1.1.3 (@8 — %)’ cos

- %logR + 2.4 2 sz + 2.4.6 4

4
X4 & . . (46).

R
Let N
Reix — -
V==Y
the second series is the real part of
1100 /0% — 57 — 11 11 1 1 1
— g logN 4" — "20g9+242y2+24o4}/4+-~

Calling this series S,

d_S______ 11 1.1_1
dy :

Therefore

, » - . ‘

Now, when ¥ is very large
S = — 1 log 4/a* — b* — % log .
Therefore

2 2 —
%—i*%10g2y——%+const.=—%3-10g\/062—b2—?1210g?/-

6 X 2
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1076 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.
Therefore » o
Const. =4 + 4 log 2 — L log va* — 1?
Put
d? = a¥ — b?,
y = cosh w = cosh (u + w).
Then
sh o (sinh w — cosl . d
§ =% w(sml;u oshw) _ 1 log (cosh w + sinh w) + % — %logé

[l
— 1 1l =% 1 o —
- 2w 4 € 21()(: 2‘

Taking the real part of this, we find for the first term of the potential

a®
1 log 166; — -g — Fe7™eos 20 — 7. (46a).
Calling the operator
| a?D? 4+ D7 )
Since
S (D, DYuw =vf(D,D)u -+ Duw fu+ Do ag,u—l— &e.
Therefore
Reosy
F(D, D)<I g—~—1> %0
R cosy ' 8¢
=t f(D,D)(logi; - 1)
1 Reosy\ of 8¢
+ <E7; Y >8D (k’g T 1>
+ &e.
Tt is easily shown that
a®
SG% <log§1§ — 1> = 1—2—(—l(e’3" cos 3v — 3e~" cos v) +5 (47).

Retaining only the terms of the highest order

, 8¢ R cos d coshu cos v 16c —5
f(D,D){(logE-—-1> 20X} . {llg—w—g—%-—%ezcos%}

a? .
+ 507 {e=3" cos v — 3e~" cos v}

16¢
log— —u—1
N | D h 4 — % cosh uw e~ L cos v

|
1
t

+ ( — igcoshue ™ 4 ~— e‘*”> cos 3vJ

24d2 (47a).


http://rsta.royalsocietypublishing.org/

A A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

JA \

A B

%

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1077
Let
16¢
log— —u =K,

Then the potential of an elliptic ring at outside points not far from the ring is

K —
2

27ab {K — Le~% cos 2v + %l [ {

cosh  — £ cosh ue™ — 1 cosh? u, e‘“}cos v

+ { — & cosh ue™ 4 5 cosh® y, e~} cos 31;] } Coe . (48)

At the surface of the ring v = u, and K = K, = log (16¢/d) — u,, and

I /Ky—1 14 26 :
V=27rab{K0—%e‘2”°cos2v+%[< °2 — +86 >coshuooosv

2 — 6_2”0
24

e~ cosh w, cos 3@]} Coe e e (49).

The complexity of the expressions renders it useless to find the potential any
further, in the general case: but for a very flat ring, 7.c., where b is negligible
compared with @, the expressions take much simpler forms.

§27. For a very flat ring

r 8¢
' log—~—1
_ 1.1 @D* 443 a*D? 8¢ R Recosy ]
V_4ﬂab{%-+r —+ 3R +...}<{log—ﬁ+ : X (50)
,8_? —_ 1 1_62..0 1 ,—2 a?
f(D)logR_§<loga —u)—ze cos2v-—i~6—c,
’ 86——1 ~3% - @
f(D)logE—-m(e “cos 3v — 3e cosv)+§z,

” 8 2 16
3f" (D) log _RQ = »1% <log —a—c — U — %e~" cos 4v>

Therefore,
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1078 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.
47}:&} = I; te * cos 2v — i%i
+ <I§—2_ — 16‘2”0032 )@%——zmm
-+ LC—; (e™® cos 8v — Be™ cos v) + - ](‘}0 — ﬁ‘_(i(_).s_%gcﬁfjl

CL
s 570_5 (K —_— 7}76—4” CcoSs 4’0)

Tl 16

a® K . 5 cosh % cos® v — ginh * gin® v
= — e cos 20 -
C

32 =5 (11 cosh? u cos® v — 5 sinh?u sin® v)

10 cosh w cos v 11a?
16 128¢2

- 1—62%5 (e™* cos 8v — 3¢~ cos v)

2
+ 1% (K — Le=* cos 4v) 19
Therefore

V/2mab = K — % e~ cos 20

a K 4:62“~ + 9 + e~ - Qe — g —ou
4 p {cos v [»5 cosh 4 — 16 e } — ——g ¢ *cos Sfu}
4 cosh 2u + 7 " —2 —ty
+ SRR e g e e

a? 3 cosh 2u
+ — cos 2v {K ———— _|- Lew 4 11 4 107 0= 1 e“*"}

a? ' ‘
+ E cos dv {—- g%g — 'gl-g e~ — -9%; 6—%} e s v e e s e (51)
At the surface of the ring

and

2
-+ cos 20 [-— + + <—2 4+ —%—%%—> —;] — 2~Z cos 3V — s = 2 008 4@} .. (52).

§ 28. Let us take Saturn to be a sphere of radius r and of density p. Assume
that the ring is fluid rotating with angular velocity o, of density o ; let its section
be supposed elliptic (semi-axes a and b), b being much smaller than «: and let its
mean radius be e,
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MR. ¥. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1079

It is necessary that

2moab {K + ... +C-l<-l—§ - %> cos v + [—%3 -+ <—;~f+%%%>fﬂ cos 2v

1 acosv . acos?w
+%wpr3{;+ + +..f

c? e

\ . .
+%{C%—2accos'v+azcoszv}. N G

should be constant at the surface of the ring.

Therefore
% 4K — 78
770'&7 K =7 + 4 p —r —acw® =10 ]
and L (54).
80K + 271 «? 3 s g(j@j’ . i
mebb{ 5+ EET 62} t 37 k= O_J
Thus
o 4K -7 0 e
; £ a2 +5 é P 1
and also e
80K + 271 o N
— — sz
96 cz} 3 .3 PJ
As a rough approximation to Saturn’s rings, take
“=Jand "= Then K = log, 64 = 415
and
o b -
’7: = 15 ;60' —I— 6P ]
and also Coe e e (B8,
. :
= 244-0 — 5P
therefore
plo = 458 b/a.

For a ring, about the thickness of Saturn’s, we shall have roughly p/o = 115 ; or
the ring would need to be 100 times as dense as the planet, if it were a continuous
fluid mass.
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Srction 1V,

§ 29. The motion of two or more vortex rings on the same axis is most easily dis-
cussed by means of the stream-line function. The determination of this function is
easily reduced to the determination of the potential of a distribution of gravitating
matter, so that the preceding methods apply to this problem.

The Steady Motion of a Vortex ring of Finite Cross-section.

As before, let the figure represent a section through the axis of the ring.
Let O be the centre of the ring, Oz the axis, C the centre of gravity of the cross-
section.

z

20

Let OC = ¢ : the cross-section is nearly circular; let its equation be

R=oa(14 B cosx+ Bycos2x + &e.). . . .. (36),

where B, B, &c., are small quantities.
Since C is the centre of gravity of the cross-section

[ ReosxRaRdy=o.
090
Therefore
2w
50 (14 Bycosy + Bycos2x +. . .)Pcosy dy = 0,

or

Bi+Bi Bt BB+ B B+...=0. . . .. (57).

Now it will be shown that

B, is of the second order in a/c;
B; of the third, &e.
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Thus B; will be of the fifth order.
Therefore, correctly to the fourth order, the equation of the cross-section is

R=a {1 4 B,cos 2y + Bscos 8x 4+ B,cosdx} . . . . (58)

§ 30. Let w be the molecular rotation, and ¥ the stream-line function.
Then

ar dQ‘I’ 1d¥
+-——=-—=0
dw®

dz?
outside the ring, and
&Y | BV 1 v
dw? » do

+ 2we0 = 0

inside the ring, while ¥ and d¥/dn are continuous at the surface.
Let the vorticity be constant throughout the ring.
Then o = (M/2) =, where M is a constant.
Write ¥ = x=, and the above equations become

Felalioxe )
d* ' de® | wdws o l

and r
1dy X _ i
dz~+ +m‘(lz;5 wz+lw_ )

Therefore x cos ¢ is the potential of matter of density (Ma cos ¢)/4dm occupying
the same space as the ring.

Therefore, at any external point, =, 2, ¢,

, 1_!_1_ , w° c0s ¢ dw dz d .
xeosd = oosd ([ s T St

Therefore
_M w? cos ¢ dw dz d
= 4r® ,(.“’\/{m/” —2mw’cosp + w4 (& —2)P} (59),

the integration extending all over the ring.
(The value of ¥ at an internal point may be found as the solution of

1728 ‘I’ 1d¥
- —I— Ms? =0,

dos? w

which gives values continuous at the surface).
Let o = ¢ — =.
~ Then
MDCCCXCIII.—A. 6 v
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1082 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.
‘If—'l‘i[- ,f” (¢ — x)*cos  da dz d
T 4r® Ve = 20 (c — @) cos b + (6 — x)° + (¢ — 2)*}

M ) o ¢® cos ¢ dep
—_ / , (dfde) =z (djdz) ], s 2 . . .
ir © H() o dz L V{w"? — 2w’ cos  + ¢* + 2%} (60),

where the double integral is to be taken all over the area of the cross-section
R=a (1'-}- B, cos 2x + B; cos 3x -+ B, cos 4x).

§ 81. While finding this double integral we may treat d/dc and d/dz" as constants.
Put

d d
o= Vcosoco—l—,_Vsmoc

Then
V2 =
clciz + [Z” ’
The double integral
j‘.(e—v (2 cos atzsina) dﬂ(} OZZ
taken over the area of

R = a (1 + B,cos 2y + B; cos 3y -+ B, cos 4x)

may be conveniently caleulated in three parts.
(1) Over the circle of radius « ;
(2) Round the circumference of this circle to obtain the first powers of By, B, By
(8) To find separately the coefficient of B,

Part (1)
— He—v @eosactzsine) (o
where
R B<at .. . . . . . . . . (61),
=a* [[evidgde,
where

E4+ <,
l e
= 7a® [—1 v /1 — (*dE

= 4a? F e~V 608? § (6
0

aﬁlv,‘z (4vd
m211+ 2244_2,)_1_._} S . (82).
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Part (2)

2m
=a? [0 e™v et (B, cos 2x =+ B cos 3y + B, cos 4x) dy

Il

2
a? L {B; cos 2a cos 2y + B; cos Ba cos 3y -+ B, cos da cos 4y} e~V iy
(P vy )
4(402 dz’2>{1+ 12 +384 +"'~
B d a\/ a2V2>
— B (L gl @V
e 12<d* 3dcd'2><1+ 16

B @
+7ra61969 EZ‘* 6dc2do’2+ i) o e e (63).

II

Part (3) is easily found to be

[3’ a dt 42 d2 dr
2 2 + 1677 23224'<d04 Gﬁzﬁ"’&ﬁ . .. . . (64).

At any external point the stream-function is, therefore, the effect of the operation
B . VP Ayt Je) i 42V~ atvt
2 Py 4 @V 4 Pg “V
e {1+ 2 Tagtapst }"" e { JL { 12 1 384 }

LYLIY ¥ VAR SR
L <ng Sdc dz’® + Y

582\ /db @ d v
6 2 o an
+ 7o <192 + 16[4> \a# ~Casan T dz/4)

(65)

on

r" ¢t cos p dp
04/ (m* — 2w’ccos b + ¢ + 2?)

§ 32. Now at the surface of the ring

o ¢ cos ¢ dep . P2
L V@ 205 p+ @ 4 77 of the order L
. [ ¢® cos ¢ de . . & &
dc” jo \/(m — 2w’c cos ¢ + & + 27 is of the order « ar+1 %.e., a’
s a? 4 4? > j ?cos ¢ de
de* d7’2 04/ (@?% — 2w’ccos p + ¢ + 27%)

6 v 2
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1084 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

will be shown to be of the order

2 2 2
¢ . ¢ fa

e i NN e
ac*™ c* a\c,

We have assumed B, to be of the second order, B; of the third, &e.

the above formula, all terms as far as <0> have been retained.

/

§ 33. Let
I = r ¢ cos ¢ do )
04/ (@7 = 25'ccos p + ¢ + 27?)
Then
PP 1dl_
dz"? dc® ¢ de
Let
U=1I.c
Then
d? a? & 2dl | d?l
<ch2 + (Zp—~_'9> U=e <dc~ ¢ deo + (Zz’9> )
Or,
ViU =3 L v
de
1dl
=3 1(l6<6 dc>
VU=3.15v( %
¢ de
—g 1 [l 24 (Ll
_—-3'1dc{cv de  ¢de \aclc)}’
1d\?
=3.1(= ])dc<c dc> I
Hence

14\
VU =38.1(—1).. (—2n+5)dc(cdc> 1

§ 34. Therefore at a point =, 2/, ¢/, the stream-function is given by

Therefore, in

. (654).
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M 3a21 d 1d o [1d\ | a1 d\
v== {1"' RIS 64<cdc> '3072(2&2) +81920<Z§a)}1

Ma? |, a®B, [ & d? a®ldl 1 d)
5Ty <dcz_dz'2>c{1 4 de 128<cclc }I

Ma? |, a?B; (& d & > ' 3a? 1 CZI>
5 ® a1 dc% T % de 16 ¢ de,
Ma? @t /B, | 5B [ dt P dt ’
+ 2 © 4!(8 + 16 <dc4—6d’02d4’2+dz’) el (86).
I d 2
Usmg the fact that d—~ _td = 0, and neglectmg terms of order higher

¢ de ol/3
4 1 d\_ .
than (-) since (= — I is of order
\ €, ¢ de

at the surface of the ring, we find that

72 7l

2% 321 d 14\ o /1d\ @ /1 A\t
Maca’ {1 Sed T 64<c Ez"o) 3072 <c dc> + 51020 (Z olc> } I
3621 d | (8 + ba¥)a? /1 d\® | a%? (1l d ab® (1 d\*
+’82{4cdc 16 cclc) + 8<cdc + 256 \o }1

5adc d\ . @’ /1 d\ | &/l d
"'83{ (cd—c> +73—<;d_0> +32<0d0>}1

58, 1 d\ ,,
T R
Therefore .
W:Mg% ’{o&OI+ a,0c = ——+%cﬂcz<- -> I+. } .. . (68),
where
(lo-—-»].—l-ﬁg
w1=£+_dﬁz
5a? 5
0‘2=“‘"+:30< >""183_g‘-
8 Foe e (69).
F= = 321°+’828 G
ot a? 5
@ = 5+ Bogsg = Bogs + 51 +'Bg'
and
a
o=-
C

</

§35. Let the point =o', 2’, ¢’ be on the surface of the ring, so that

w =c¢—Rcosy, 2 =Rsiny.
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1086 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Writing  for log (8¢/R) — 2, and s for R/c, we have

1 l [ —4 a
J=Z+—*scosx+<6lzl+316 cosZX>s2
3+ 1 150 — 23
+ (33 GZ cos y -+ cos 3X> s
5400 + 27 | 2407 — 23 1050 - 176 4
+ < 2088 T e OO T T ggm o8 4X> St

(Supra, p. 53).
We obtain, by differentiation,

: 1 5
1d) _ .}.S{COS X — <2l o o 2X> § — <%Q%—él-_~ COS X — g COS 3X> s? &(70)'

4 4
(36l +3 24143

18 T Tea 992X 12800§4X>83+ }
< di>2J 1{cos2 +<cosx+§9§3>g>s+< 12l+5+ cos4x>sg+,,,}

1

[4

1 d\3
<—c———>J=—-06-83{20083X+(20082X+%cos4x)s+;..}
1

<,_£‘9>‘L =Els_4{60084X+'”}

Multiplying by =" or ¢ (1 — s cos x)

J%:l—-ﬁé—lscosx-l—(gl—l—z—?—i%cos%)sz )
+ <316_Z 5 cos X ?)%;—2—1 Cos 3X> s
+ <122ZOZ811 + 12572—817 008 2X = _1;:5;2_;-_2_33_ 008 4X> s'+
PO o 2 oy (P 4 )

4] + 1
+< D) cosx—l— cos3x>59

< %+4ZG_I4—:100$2X+T%§COS4X>SS+...} e
() 9% = e oo (54520

_<12Z+ + L cos 2x + % cos4x>s2 }
(%%)3,]%,:—0—6%{2cos3x+(cos2x—%cos4x)8+--°}
e.ii)é,]zzm’:_g-é;{{icostl)(»l—...}. )
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At the surface of the ring
R =a(l+ B,cos 2y + &e.).

Substituting for s, o (1 4+ Bycos 2y 4+ ...) and writing log —i—a -

Jf“—'——x+27” 120411 , 2 —
=

1 B
— 2 2
o+ 0 5 Bt

A1 SN+ 5 A
+0'cosx<— 2 + n 0'2—-;,82>

+cos2x< 12 + 7

+cosS< 3)”19_;10-3 Bs_f‘f%

T B
FERPO i A

an+ 1
+0082x<z+ o a® —%0,82+%,33>

-+ cos 8y <92 + % ,6’2> + cos 4x<198 + /33>}

¢ cta? 32

¢ de
_icos 3x — cos4x< 5 + ,82>}

1d =’ 1
<cdc> J— @{—acOSZX—2cos3x—-%o-cos4x}

<l d) Jﬁi 6 cos 4y

cde 0804

H

A 7& + 2
768 0'4 - B2 - ‘I 0-183 ‘362)

dn + 1

2 & 9 2
<1-C£> J?;_:L{_l2h+ 0'2—;82‘——(308)(-!-—0082)( <1 —2}>

§ 86. Now, in the steady motion, if V be the velocity of the ring,

¥ — L V&? = constant at the surface of the ring

Therefore
R2

\F—%V(cz—- 2chcosx—|— -+ ——cos2x>

is constant when
R=a(l1+4 Bycos2x+...)
Therefore
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1088 MR. ¥. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

v — Ve {1-[— + = Bz+00bx(—2a——o-,32)+0032x< + o*B, — 0-,83>

-—0,3ch80)<+Cos4x(——0',83+0'232>} e e (T4).

1s constant.
Equating the coefficients of cos x, cos 2y, cos 8y, cos 4y to zero,

~
A1 3N+5 s M ( 4x+1 o @2
G/OO' <— 9 + 64 o —4:182>+a1 + + 9

ag

v
—0&21+W(20+ o) =0

SR V- ) N A 2

A A2
—— LI —_— 2
600 (\ 16 + 768 a 32 4 0.183 + 4 g Bz)

+“1<Z+&£J“3-§Bz+%ﬁg>+@2<i ._33

— 30 — N};( +0',8~a',83>:0

o1 \
%o <_ o2 O~ B *'82>+“1<52+§2’

(75).

v
150 — 8 A 28— 1
% <— —3_0770']“"‘/34"‘ ;0':83 - "3‘2‘"02/62+?4«L1822>

T <128 + %) + “2<“ 52 —"’8‘%_)

v/
+ ag %+6“4+W<Uﬁs_“2%>=o

-/

Now, w = 4 Mw ; therefore, if m be the strength of the vortex,
m = ”wdo- =4M “(c — Rcosy) RdR dy
__%Mwo&‘zc<l +BZ> R ()
Substituting then for M ¢?, and solving the above equations :

V =

m O[T 129 )

8 6 ¢
12247 , 720+ 77

182 = - “IK)—»MA G-N + 3 . 210 0-{

e

8 — — 168\ + 63

8= 1024
s 1IN 41,

B= 512 i J

o
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1089

These equations give the velocity of the ring in steady motion, and the form of its
cross-section. The cross-section is slightly elongated in the direction of the motion
of the ring.  The quantities B; and B, are very small ; for example, when o = *3,
the case of a very thick ring,

12

V=1296X5, B==—"063, B=— 006 p,="005

§ 87. Fluted oscillations of o Circular Vortex-Ring.
Let the cross-section of the ring when disturbed be given by

R=oa{l 42(a,sinny+B,cosny)}. . . . . . . (78)

At an external point, not far from the ring, the stream-line function is given by

!

Se
log == —
r=""%1 8¢ 9 e R 1 Reosy  Sa’cosy
T 08 R 2 ¢ 8 ¢R
me  a .
+ 2 (o sinmy + B,cosny) . . . . . . . (79).

Let the central circle of the ring have moved a distance z, from the plane of =, 7.
Then

R+ é? %+ 8_; ¢ =0+ 3 [(aa, + aa,) sin ny + (aB, + af,) cos nx]
0
+ a 3n (a, cos ny — B, sin ny) <X + 8%6 2 + Vagggg) . (s0)
~0
Now
on = ox, - sin y
ac = COS X 7(}? — “R* 7
on = 1 @X _ Cos ¥
dzy —smx, oz, TR
and
R4V S 1aw
"—GYRCZX, X-—_GTROZR'
Therefore

R = . 10g1_{-1lsv I
" w(c—Reosy). o SSIX T g pe S X

m 1o
e P e :
o Romyg i 1o (M C0s X = Businny) ... (81),

MDCCCXCIIL.—A. 6 z


http://rsta.royalsocietypublishing.org/

A
/A A
a

A

THE ROYAL |
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L\

[~y

/J
A

\

a

a ¥

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

1090 MR. ¥, W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.
and

N

_ 1 5
X = m(@—=Resy) k2~ ~ (82).
Writing R = @, and neglecting @ in comparison with ¢

2 <10g % — %) sin y — ,;:0 sin x -+ ¢ cos x + 7% % (e, cos iy — 3, sin nx)
SR '

2me

=a + a3 ((;c,l sinny -+ B,, cos ny) + %2 n (o, cosny — B,sinny) . (83).

This equation gives

: . : n 8¢
a=0, ¢c=0 ZUOFV=%<IogZ-—i—>
. m )
- (1= 1) B =0 l
m r(84)
B,,+Eé(n— 1) o, == OJ
Therefore
. nd ,
o, -+ it (n — 1)«- a, =0 . . . . L. (85).

Therefore the time of an oscillation of the type

o, sinny 4 8, cos ny
is
2 . 2n%
. (= 1) m (n — 1)

e~

The steady motion and small fluted oscillations of a single vortex ring have been
worked out by Mr. Hicks by means of toroidal functions. Only the simplest case,
that of a vortex ring in a fluid of equal density, with no added circulations, is
considered in this paper; the same methods might be applied to other cases. The
steady motion given above agrees with Mr. Hicks’ result, in the velocity V, and the
value of B, to the first order.
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SecrioN V,

The motion of any number of fine Vortex rings on the same axis.

§ 88. The stream-line function.
The cross-sections of the rings are approximately circles.

1091

In each ring, let the vorticity be constant. Then w/= = constant, over each ring.

zZ

0 2
0 ¢

o

Let o = {Mw, 1 Myw, $Myw, &c., in the several rings.
The stream-function ¥ satisfies

i 0 R A , ,
g2 T oo — - ;o = 0, outside the rings ;

d? d? . .
v -+ —\I; —_ -:—; % + My=® = 0, inside the ring C, ;

dz?

I T 14 s ;
a “ - (—z;+ M,%® = 0, inside the ring C,, &c.;

d? dw?®

while ¥ and d¥/dn are continuous everywhere,
The value of ¥ at any point @/, #, ¢/, outside the rings is given by

L 1_}1_1”4( w? cos ¢ dz dw dep
V== 247 VAIFE =2 + a2 — 250" cos b + w7}

where the integrals are taken throughout the volume of each ring.

(86),

Consider the integral over the ring whose mean radius is ¢,, and cross-section o,

and whose central circle is distant #, from the plane of xy.

Let
w=c —f
z=zl+h}'
6 z 2
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1092 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Due to this ring alone

M’ H’ ¢,° cos ¢ do
- = f(dldes) + b (dde) Jf A, j ,
W A ) lf VIE = 2) 4+ o7 — 20" cos b + ¢}
g 2 Z
1 o s ¢? cos ¢ do
=M’ = ,‘0\/{(# — ) + vt — 2w’ cos b + ¢°}

Take a point on the surface of the first ring.  Let its coordinates be

e — a cosy, % a;siny.
The part of ¥ due to the ring itself is

M, e,%c? {log §c_1 5 4 log 861 /rc1 “1 COS X+ .

2 )

The part due to the ring C, is

ey — ¢ty €0S X)
Myar,? S ¢,? cos p dep
2

Let the integral

.{ ™ 016y €08 @ dp
o/ {(z —2) + ¢ — 206,005 ¢ + 6%}
be called I,

Then the part of ¥ due to the ring C, is

M,a,%c,

al, dl,
—5 {Iw—{— alsmxd ~——alcosxd }

a’c; 1s constant : write

M-
1 20— L,
M, %) = -

V(G + aysiny — 2)® + (¢ — @y cos x)? — 2¢, (¢, — @) cosx) €os P + €%} '
0

(87)

(88).

(89).

Then at a point ¢, — @, cosx, z =+ @, sinx, on the surface of the ring C), we find

N
— M0t lﬂz‘iﬁi“l__.i“l
v = -—;{cllog o "2 3 oosx-l-
m . dl I,
7;-2 {112+c¢1smxd~¥—alcosx%§“+. . }
dl,,
-+ 7_:5 {113 + «a, sin X — 1, CO8 Y ~d*— }
4.

(90).
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1093
§ 89. The equations of Motion.

Let the ring C, be moving forward with velocity z,

Let its radius increase with velocity ¢;. The radius of the cross-section will change,
but since a,? ¢; = const., ‘

and therefore (a,/¢; being small), a, is negligible compared with oy
The normal velocity of any point on the ring’s surface is

z;sIny — ¢;CO8 ¥ — @)

But the resolved part of the velocity along the normal to the ring is

1 d¥ dw 1_ C_ZE’ @i
o do ds @ dz ds

Therefore

d .o . .
%:m(zlsmx—-clcos;;(—al)- T 1))

at the surface of the ring.
Therefore at the surface of the ring C,,

V= '((élsinx—c'lcOSX—-(:‘tl)wds
= '((zl siny — ¢, cos y — @) (¢, — o, cosx) a, dx

= — @,0,%,C08X — @, ¢, ¢, siny + terms of higher-orders . . (92).

Comparing this with the value already found for ¥ at the surface of the ring, we
obtain

=™ (1038 1) 7 Tl 7y )
“rm=or \10g a, &)+ w de w de T |
dl ar (93)'
b= My e 4 M s
al’ld b 01 (,1 — o dzl - (lzl .. .J
If we write
p> m}:% I,=T1,
then this equation may he written
e =" 1og (3 — 1) 4 10 )
d a5 = Q7 08 a, 4 ) de, 94
an awl (94).

—mC G = —
1¥1 %1 CZZ1J

Similar equations hold for each of the other rings.
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1094 MR, F. W, DYSON ON THE POTENTIAL OF AN ANCHOR RING.

§ 40. Two integrals of the equations.
Since U is a function of z; — 2z, 2, — 24, 2, — 23, &e.,

dau
dz, —d—z; ] = 0.
Thus = mlclé]L = 0.
Therefore
Sme=const. . . . . . . . . ., (95).

Again, multiply the equations by él, 7:1, Cqy %y &ec., and add.

Therefore
M2/ 8y > au - AU |
25 <1og “ o + 2< o, + 7 >- 0. . . . . (96)

de,

Remembering that a,%, = const. ; this equation gives on mteg1at10n

2 g™ ) Umomst . . L (9D)

2mrey "

§ 41, These integrals are the equations expressing the constancy of linear
momentum and of energy in the system.
They are easily obtained directly.
The momentum
1d¥

=m~—czmdm¢ e (98),

the integral being taken all over space.
Since ¥ and d¥/dw are continuous everywhere, this

=27r[ (P, —w)dz . . . . . . . . (99),

where ¥_ = value of ¥ at a great distance from the axis, and ¥, = value of ¥ at
the axis.

Now
¥ =2“1\_I_1]‘” we, €08 ¢ d
© m Joa/ (2 — )" + & — 2wc, cos p + ¢F
M, we,®
_—22{(’-—-21)2—{—73} Ce e (100),
and
v, = 0.

Therefore the momentum
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1095
=275 f ’ o'a’ dz
B 21 (e = 5P + o)
. P sec? 0 d o —z
=27 3, mlclzj’ P where tan 0 = 2
o sectd o)
=27 3me® . . . . . . . . . . . . . . . (lo1)
§ 42. The kinetic energy is given by
el [/dPN\? AP\
T = 77”~{<——~>—|-<\I,>}dm'dz
w [\dw dz
N I . ‘
= - zw“m<dzg + 2 %dw>dwd¢ (o).

Now, outside the ring

R S Y, S
dz? dw? sdw
and inside the ring

2my¢y

2
T,

At the surface of the ring
\P:’M(}Og )+ $BI, .. L. (103)

™ a

Therefore, inside the ring C,,

WGy /. Se iy v JI‘Z
xp:VW%bgﬁl—2>+2”“Lw+§f<1—_v. C . (L04),

- 2
7r a ) 7 a

Integrating throughout this ring, the part of the kinetic energy arising from
this is

{2 Mm%, <10g %—bl — ;Z—) + my (mylyy 4+ mylys + . . )} ... (105).
1
Adding the integrals arising from the other rings, the kinetic energy
= 4 {2 Mm% <log %1 - ;}) + 23 mlszm} .. . .. (106).
1

The equations of motion may be written in the interesting forms,

mem =22 |
MO g
1
107).
190 (107)
— MLCC = 8~7—7"-§7;J
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1096 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

The preceding work exemplifies an interesting fact about vortex motion. When
the configuration of the vortices are known, their various velocities are obtained by
linear equations ; just as in the case of gravitating matter, linear equations give the
accelerations of the various parts.

§ 43. When there are only two rings, the equations of motion are—

oM =5 \108 a ? de,
o dl
mO0 = = M
. Cz; (108),
L 8 _ 4 s
Ty = 5, <log o 4> + my 7
Coc -
T = ! e, )
where
I = j’ r €16y COS P dp .
00/ {(z — %) + ¢ — 20105 008 b + ¢}
The two integrals of these equations, already found, are
me® + myey? = constant . . . . . . . . (109),

2
ny

- ¢ (log % — %) + g, <log %—3 - %) - mymy 1 = constant . (110).
1 2

2 2

Suppose the ring (C,) in front of the ring (C,).
Then z, — z, is positive, and

dl j " Gt (3 — 2,) €08 P dep
dz o/ L@ — 2+ o — 200y 08 & + ¢}

The integral is easily seen to be positive.

Therefore the radius of the front ring increases, and of the back ring diminishes.
These changes cause decrease and increase of the velocities, so that it may happen
that the second ring will overtake the first.

That the motion is of this character was shown by Hermior1z, ¢ CRELLE'S Journal,’
vol. 55, pp. 54, 55.


http://rsta.royalsocietypublishing.org/

1~
)

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)
A

Py
A \

/
S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1097

§ 44. Vortex Ring approaching a Fized Plune.
This question is at once reduced to the case of two vortex rings on the same axis,
by taking the image of the ring in the plane.

Let z be its distance from the plane at any moment.
The equation of energy gives

, 8 ™ ¢ cos ¢ do _ 8¢, _ 1‘
"<1°g “ Z> B Lw{w +dcsmd (3 <l°g w i)

where ¢, &), are the values of ¢ and ¢ when the ring is at a great distance from the

plane.
Put
b= g — 241
Then

N -

c<1og?_f—-})~\/‘z‘frcé(F—E)+%%7F=00(10g%—g> . (111),

\
\

4 . . . i, .
where Taro s the modulus of the elliptic functions.
This equation gives the relation between the radius of the ring and its distance
from the plane.

Put

MDCCCXCIII,——A., 7 A
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c(log%—%)—% cosecH(F——E)+csinﬂ.F:c(,(log%‘;’——

In addition to this o’ = a%,
When the ring is so near the plane that #

than a,

F=log ——+—~ 4 \/C lo,Q; — . approximately.
E=1.

Therefore,

@=—@<g +>

From these, or more simply from the equation of energy

e~ ¢ofc [log (8co/etg) — % .

and

%

Therefore
% (t,—t) = f «/ L. gl lios el =11 g,
¢y 0
Let
/e, = a?,
8e,
== ]O =07

g % 4

Then

7

4

>. (112).

% is much smaller than ¢, though greater

(113).

(114),

(115).

(116).
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The following Table shows the change in the radius of a ring in which ¢ /e, = 100.
When the ring is near the plane, the approximate formula

2 8
eflog % + ) = ¢, (log 22 — ]

was used, but in other cases the exact formula.

% z c

0. @ a I
45 104 1-04
60 61-8 1-07
70 400 110
75 305 114
80 21-3 1-21
83 160 1-30
85 121 1-38
86 101 144
10 812 1-52
8 6-26 1:63
6 4-67 1-80
5 3-60 1-93
4 275 212
3 1-93 242
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1100 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

§ 45. Vortex ring passing over o Fixed Spherical Obstacle.
When a vortex ring lies on a sphere concentric with a sphere in the fluid, the
method of images may be applied, as is shown by Mr. Lewrs, < Q.J.M.,” vol. 16, p. 338.

Let m, be the strength of the external ring
¢y its radius,
a, the radius of its cross-section,
z, the distance of its centre along OZ.
Let m,, ¢, a,, 2;, be corresponding quantities for the image

Then
/\/ 0-2
My == — N
1 2 0 ’

a9 _ %,

a 42}

At any external point P (coor. 2, =, ¢),

i ¢y cos ¢ do
0/ {(z — 2)? + ©° — 2wc, 008 d + 7}

V= mzf

—_m Véf" ow cos ¢ dp
? a doy/{(z— ) + v — 2we cos b + *} '

The equation of energy becomes
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1101
Moy 8c, my2c, ¢ 8ec ’
" (log = ) + P log (07— 3)
— my? /\/gz_r €165 08 ¢ dp
g adoa/{( — =) + 6’ — 266008 ¢ + ¢}

=mfco<log%69—%> Ce e (1,
0

where @, and ¢, are the values of @ and ¢, when the ring and sphere are a long way
apart.

Let the radius of the sphere be k.

Changing to polar coordinates, let

]

. A
¢, = rsin 6. ¢, = —sin 0.

)

k2
2y = 7 C08 0. 0y = — o8 6.
Then
. It . on
(2 — 2, )* + ¢ — 2¢ic,008 p + ¢,2 = 1 + _”_2 — 21% cos® § — 2k sin® 6 cos® ¢

/

<¢ —_ ~> -+ 4%*sin 031112 ¢,

Therefore
Brsinb _ ,\ _ 1 osep 08 6 ¢
7rsin 0 <log Y 4) 7k St L\/{(q' — I?[r)? 4 412 sin® 0 sin® (k) }
= 7, 8in 6, <log %’—jn—% - %)-
0
Also

a’rsin 0 = a,*rysin 0,

Substituting « from the second equation, we have the path of the ring from infinity
up to the sphere, .e., the path of any point in the ring.

Let :
rosin@y=c, and c¢yla, = n.

Then the above equation becomes

) 7sin 6 . cos ¢ d
TSIHQ{logSn—;Z—-]—%log* o J\—kwslxﬂ j\/{@ —kg/r)9+£2in2981n2( 1)}

=c(log8n—7%) . . . . . . . . . (118).

When the centre of the ring coincides with the centre of the sphere, let
rsinf ==, sinf=1; and an easy transformation of the integral gives
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1102 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

@ 72 gin® A dir
= {log 8n — ¢ + §log c_o} — 2k fo \7;4?:#%@7 = ¢, (log 8n — ).

Therefore
- {10g8n—%1-+%log—”3} — 922 (F - E)— (log8n — 1) =0,
Co €y k ¢

where the modulus of the elliptic function is £%/=>
Therefore

F—E

Y/ sina

=—%—<log8n—%+%log§—;)—%g(logSn—%). L (119),

where sin o = ?/=>
Let ¢,/ or n = 100.

Then

FB o671 %) 18100 =
\/SiM_.2467<1-—w>+410gwc0

It is easy to construct the following table :-—

o w Coe ke

20 1 *98 58
30 1 90 71
45 1 82 ‘84
60 1 70 ‘93

From which, taking ¢, the value of the radius at infinity as the unit, we see that
when k (radius of sphere) = ‘6, '8, 1, 1'3; =, the radius of the ring when passing the
middle of the sphere, = 102, 1'1, 13, 1*4.

[*§ 46. Two coaxal rings of equal strength and volume moving in the sume direction.
Let the radii of the rings be ¢, and ¢,, and the radii of their cross-sections a; and a,.
Then

a%c, = afey, = constant . . . . . . . . (120).

The equation of momentum is
e+t =2¢ . . . . . o . L L (121),
and the equation of energy is

* This and the next paragraph have been altered since the paper was read, in consequence of a very
valuable suggestion of one of the Referees.—July, 1893,
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MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING. 1108
a1 8¢, 7> ¢y < 8c, 7> r €16, COS ¢ dep
~(log— — 1 —({log = — 7 =
2< g PR + 5\ 108 ay, + o/ (=) + 0 — 200, 005 + 07} constant (122),

and if m be the strength of each ring,

: . m [ 1 8¢, 1 8¢, 14l 14l
2y o == — 4 — Yhad S T 2 1y =
127y {201 <10g @ 4‘) 2¢, <10g a, 4‘> + o de o dcg}

A A

OF

A

OF

Let us write 2z, — 2z, = 2.

Then

1a_1a

¢ de, - ¢, de,

_ j"’ (> — ¢)¢5 cOS P + 2%) ¢y cOS b dp f" (6* = ¢cyeq €08 p + 2%) ¢, cos P dp

T o e (e — 20105008 ¢ + ¢ + )t o ¢ (e® — 20,0, co8 b + ¢ + )i

&t =q? l’" (6,2 — ¢6q 08 p + ¢* + 2%) cos ¢ dop

T e Jo (6 — 2005008 ¢ + o + 2)

=g r cos ¢ do 4 (¢t — ¢?) f (1 —sin®¢) dop

T e, Jo(e?— 202 cos b + o + z"z)’ 2 L/ )o (02 — 20,6, co8 b + 6 + 22)s
_ I N (6" — &) do .

T o (e —2¢c, cos p + ¢ + )}

Therefore

- om[1 8¢, 1 8c, de

o g% ) L) o (123)

— {201<10g ! 4'> 26 84, e &)+ (e —a) (6 — 205008 + ¢, +27)° j )

Now the rings are at their greatest distance apart when 7 = 2, or when z vanishes.

Now, equation (123) shows that this takes place when ¢, = c,.

When ¢, = ¢, let the value of each be «, and let «, and a, each = a. Also let
Ky, @) @Ky, &y be the values of ¢}, @, : ¢y, dy, When 2 = 2y, i.e.,, when the rings are in
the same plane.

Then these quantities are connected by the equations

oK) = a’k® = ok,
K+ K = 267,
and
U loa 88— 1) 1% (100 3% _ 2 j 1y 08  dp
2 <log ! 4) + 2 <10g % 7)+ o/ {m? — 2Ky 08 b + K7}
_ 8k | . r k? cos p dp
- K<10g P 4> + 0/ {26 + 22 — 2£%cos ¢}
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1104 MR. F. W. DYSON ON THE POTENTIAL OF AN ANCHOR RING.

Thus, when we are given x; and k,, we have two equations to determine « and z;
or given z and «, the greatest distance apart of the two rings and their radius at that
time, we have equations to find «, and «,.

One of the quantities, a, a,, , is arbitrary, being the cross.section of the ring,
when it has a definite radius.

Let us take

Also let B
K, = kv/2 sin 0, and Ky = kv 2 cos b,
Then the equation connecting z and 6, is

sin 6, cos 6,

3 [log 8n — 7 4 % log (1/2sin 6,)] + 3 [log 82 — I 4 3 log (/2 cos 6,)]

1 J’ T sin 26, cos ¢ d
+ V2 1o o/ (1 — sin 20, cos ¢)

i 5 d
= log 82 — % + il L Co . (124),
/\/<2+—;—2005¢>
0 K"

/
/

This equation can only be satisfied when 6, is between certain limits 8 and
(m/2) — B.

"The limiting values of ¢, give z = .

When 6, is between B and (#/2) — B, the equation gives a real value of z; this
value becomes smaller as 6, approaches 7/4.

We have, therefore, the following theorem.

If k2 sin 0 and kv/2 cos 0, be the radii of two coaxal vortex rings of equal
strength and volume when the rings are in the same plane (6, being < w/4, so that
kV/2 sin 0, is the radius of the inner ring) : then these two rings will continue to thread
one another in turns, or will separate to an infinite distance according as 6, is > or
< B, where B is determined by the equation

2 llog 80 — % + §log (/2 i B)] + 2L log 80 — § + og (v/2 os ]

i_j’" sin 243 cos ¢ dep
v2Jy &/ (1 — sin 28 cos ¢)

=log8n—7 . . . . . (125).

The following Table gives the values of 8, and thence of x, and k,, for different
values of n. ’
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n. B Ky/k. NG
8 18° 437 1-345
11 19° *460 1-337
20 20° 484, 1-329
100 22° 20/ 537 1-:308
3300 26° 620 1-271

Roughly speaking, when n is between 8 and 100, the ratio of «; : k, for this limiting
case is between % and %.

The following dlagram calculated from the equatmns (121)and (122) gwes forn=100,
simultaneous values of the radii of the rings and their distance apart in the limiting
case in which the inner ring just goes to an infinite distance in front of the outer one.

The radius of the front ring is given by an abscissa of the circle in the diagram, the
radius of the back ring by the corresponding ordinate, and the distance apart by the
abscissa of the curve. Thus NQ is the distance apart when the ratio of the radii is
tan 30°, or when the rings have the radii OM and MP.

S
22 24 26 23 30 32 34 36 38 40 42 44

§ 47. When 6, is greater than the limiting value B, the greatest distance apart to
which the vortices can go is given by the equation (124). When 6, is less than the
MDOCCXCIIL—A. 7B
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1106 MR. F. W, DYSON ON THE POTENTIAL OF AN ANCHOR RINC.

limiting value @B, the inner ring goes to an infinite distance from the outer one,
increasing in radius towards the limiting value kv/2 sin 0, the radius of the outer
ring diminishing towards the limiting value kv/2 sin 0.,.

The equation determining 0, is

sin 0 {log 87 — Z 4 3 log (v/2 sin 6,)} + cos 6, {log 8n — I + 3log (v/2 cos 0,)}
™ sin 20, cos ¢ d
+ L)\/(l — sin 26, cos )
=sin 0, {log 8n — I+ § log(,/2sin 0,)} + cos 0., {log 8n — 7+ Flog (/2 cos 0.,)} (126).

The table in § 46 gives 22° 20" as-the value for B8 for rings in which n = 100.
The tables below give the greatest distance the rings will separate for values of

0, > 22°20"; and the radii at infinity of the rings for values of 6, < 22° 20. «; and

xy are the radii of the rings when they ave in the same plane; x|, «, are their radii
when at an infinite distance apart, if they separate; and z is their greatest distance
apart if they remain together.

0. % e kg 0, Ky Ky
| ‘ .

S 1 a3 1-408 550 144, 1-407
10 L 246 1-392 1249 309 1:379
15 | 366 1366 929:20 537 1-308
20 | 484, 1-329 3830 -880 1:056

00. K iy 2.

%5 598 1-282 1-044
30 707 1225 500
35 811 1159 245
40 -909 1:083 084
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